Abstract-In this paper, we consider a fundamental theoretical question: Is it always possible to design a fuzzy system able of approximating any real continuous function on a compact set with arbitrary accuracy? Moreover, we will research whether the answer to the above question is positive when we restrict to a fixed (but arbitrary) type of fuzzy reasoning and to a subclass of fuzzy relations. This result can be viewed as an existence theorem of an optimal fuzzy system for a wide variety of problems.
I. INTRODUCTION
During the several past years, fuzzy systems (FS) have been successfully applied to a wide variety of practical problems. Notable applications of fuzzy systems include their use in Control, Decision Making, etc. [l] , [5] , [lo] - [12] , [15] , [19] . It point out that fuzzy systems (at least empirically) have an effective utility in the context of complex ill-defined problems, specially those which can be solved by a person without the knowledge of their underlying dynamics.
However, some people was unwilling to use fuzzy systems because their effectiveness has not been mathematically proved. That has risen some researches looking for proving that fuzzy systems are universal approximators, as a convincing proof of effectiveness. By an universal approximator we mean something that can uniformly approximate continuous functions to any degree of accuracy on compact sets.
The first important result in this sense was presented by Wang [17] . He proved that a certain type of fuzzy system (fuzzy rules systems with product inference, centroid defuzzification and Gaussian membership functions) are universal approximators. This result was very important because it showed that the class of all fuzzy systems is an universal approximator.
Next it was shown the interest in other types of fuzzy systems which were also universal approximators. All the types of fuzzy systems which have been showed as universal approximators are fuzzy rule systems. But there are many other types of fuzzy systems (not based on fuzzy rules) which are used in applications [20]-[22] . The aim of this paper is to study if they are also universal approximators and to find certain types of these fuzzy systems as universal approximators. (We will find a sufficient condition of a type of these fuzzy systems to be an universal approximator.)
The paper is organized as follows. Fuzzy systems are briefly described in Section 11. In Section 111 we prove that certain types of fuzzy systems are universal approximators. Finally, in Section N we apply these results in order to prove that fuzzy rules based systems are also universal approximators.
FUZZY SYSTEMS
A fuzzy system is a system based on fuzzy logic The basic configuration of a fuzzy system is shown in Fig. 1 . Note that there are four principal elements in a fuzzy system: fuzzification interface, fuzzy knowledge base, fuzzy inference machine, and defuzzification interface.
The fuzzy system works in the following way (see Fig. 2 ):
1) The fuzzification interface translates the observed input in a fuzzy proposition (fuzzy input). 2) The fuzzy inference machine, by applying fuzzy logic, obtains a fuzzy output (the result of applying fuzzy logic to the propositions of knowledge base and the fuzzy input).
3) Finally, the defuzzification interface translates the fuzzy output in the numerical output of the system. There two main types of fuzzy knowledge base, those composed by fuzzy IF-THEN rules, and those composed by a fuzzy relation between output and input variables. In Sections I1 and 111, we only consider fuzzy relation knowledge bases, the same problem will be studied for fuzzy IF-THEN rules knowledge bases in Section IV.
In these cases, the concrete function defined by the fuzzy system is: Thus, when we refer to a certain kind of fuzzy system, we consider a fixed fuzzification method, a fixed compositional rule of inference (i.e. a fixed t-norm and a fixed t-conom), and a defuzzification method. The fuzzification method calculates the membership function of an input. Specifically, if U is the universe of an input variable X , and X = 20 E U is the input value, the output of the fuzzification interface is a fuzzy set on U, F = Fuzzy(z~). There are two main types of fuzzification:
A) Point fuzzification,
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On their turn, the defuzzification method performs the inverse task, i.e., it associates a point to a whole fuzzy set. In general, we can define a defuzzification method on a certain referential set V as a mapping from the class of fuzzy subsets of V into V. A non restnctive coherence condition is that the associated point must belong to the support of the original fuzzy subset. This is assumed by all methods used and also by ourselves.
6.
The most known defuzzification methods are: 
a. FUZZY SYSTEMS ARE UNIVERSAL APPROXIMATORS
The gener21 question about approximation is the following (we are restricting ourselves to real valued real functions, but the results may be extended to more general spaces without difficulty): Let consider that a type of fuzzy systems (i.e. a fuzzification method, a fuzzy compositional rule an a defuzzification method), and a class of fuzzy relations, REL, are fixed. Given an arbitrary continuous real valued function f on a compact U C R, and a certain E > 0, is it possible to find a fuzzy relation R in REL such that the associated fuzzy system approximates f to level E? Specifically, we have look for the class of fuzzy relations such that the answer to the above question is positive. The main result we present here is that the approximation is possible when for each family of squares (square stands for a Cartesian product of two real intervals) there is a relation R in REL whose support { ( u , v ) / R ( u , v ) # 0} is just this family of squares.
We will carry out the proof of this result in two cases: i) systems with approximate fuzzification and ii) systems with point fuzzification. the following, T and S will denote a certain t-norm and a certain t-conorm respectively.
Defuzz will be a fixed defuzzification method verifying the property of producing a point in the support of the original fuzzy set. REL will stand for a class of fuzzy relation such that, for each finite family of squares, ((2, y) E R2/Iz -z3 I < 6, ly -y3 I < E; x3, y3 E R} j = 1 , 2 , . . . , k there is a R belonging to REL, such that R(z,y) # 0 if and only if Iz -z, 1 < 6, and I y -y8 I < E for some s E { 1, . . . , k } . if Iz -a1 < 6 for any a and z in U . For each a E U , the set 0, = { z / I x -a1 < 6} is a open interval on R and it is obvious that U UatU 0,, as a E 0, for each a E U .
A. Fuzzy Systems with Approximate Fuzzijication are Universal Approximators
Since U is a compact subset it must exist exist a finite subfamily consider a fuzzy relation R in REL such that "R(x,y) > 0 if and only if 3 j E (1,. . . , k } such that z E 0,, and If(u') -yl < ~/ 3 " . given an E > 0, there exists a fuzzy relation R in REL, such that the fuzzy system defined by 1) for each zo E U , the fuzzification is A(z) = FUZZ (ZO) 2) fhe fuzzy output is B = A o R, where o is the S -T product, 3) the value output is output(z0) = yo = Defuzz(B), verifies Proof of the Theorem: Analogous to the Theorem 1.
B. Fuzzy Systems with Point Fuzzijcation are Universal Approximators
(x) = pL(zo)(x), sup{].f(z) -output(x)l/x E U} 5 E.
C. A Simple Example
Let us suppose we wish to design a fuzzy system in order to approximate a function f (with point fuzzification). Then we only need to find a set of points ( a a / i = 1,. . . , n } satisfying that, for every z, there exists a j , E (1,. . . , n } such that x E PaJm, i.e., and then to define the relation
In the particular case of f(z) = x2, U = [0,1] and E = 0.2, the set of points {0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1} verifies ( . . ,n and all these fuzzy relations can be joined by using a t-cononn 5'
n).
Let us assume that 1) I is an implication function such that I ( z , y ) # 0 implies E ( a , b ) .
where R(z,y) = I ( A ( z ) , B ( y ) ) verifies "R(z,y) # 0 implies I z -a1 < 6, 1.y -bl < E," and "R(z,b) > 0 if I z -a1 < 6".
Finally, it is also straightforward to prove that for each finite family ofsquares,{lz-z,I < 6, ly-y;/ < E ; i = 1 , 2 ,..., n}therelationr induced for the set of rules ( R ( z ; , yi, 6, E ) , i = 1 , 2 , . . . , n} satisfies 'T(z, y) # 0 implies that there exists a j E { 1, . . . , k } , such that 1% -zjl < 6, ly -y j l < E,'' ' T ( z , y i ) > 0 if Iz -zil < 6".
Hence, from Theorems 1 and 2, we conclude the proof of the Theorem 3.
V. CONCLUSION
In this paper we have proved that the fuzzy systems characterized by (a) a fixed fuzzy inference, (b) a certain kind of fuzzy relation satisfying a smooth property, and (c) a defuzzification method, are able of approximating any real continuous function on a compact set with arbitrary accuracy.
This result has two consequences: i) every fuzzy tool for the design of a fuzzy system is effective whenever it model of a type of fuzzy system verifying the condition of the theorem, ii) if we want to design a fuzzy system, we are free of using any type of fuzzy inference and any class of fuzzy relations, because almost all the types are theoretically effective. Now, the practical question is, How can we design a fuzzy system for a particular problem,? Neither a construction method nor the size of this optimal fuzzy system has been developed by the moment.
